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Introduction

This report aims to provide a theoretical background for the development of the Geometry and Measurement Strands in the New Zealand Mathematics Curriculum. As such it should be of assistance to the committee considering the Mathematics section of the current New Zealand Curriculum Review project.

We particularly concentrated on progressions in the two strands both within the area of higher level thinking (what we will refer to as ‘strategies’) and within in the area of content (‘knowledge’). While much has been written on the theoretical progressions, we were concerned that there is little to be found on progressions that could be of direct assistance to the classroom teacher. What we have found in this area comes from curricula from various countries.

We present our findings and make suggestions as to how the committee might move forward from here. The material is divided into the broad headings of Geometry, Measurement, Learning Approaches, and Suggestions, while the first two of these are broken down further into Theory and Curriculum/Implementation. 
While not specifically stated as part of the scope of the review, we believe that it is also important to consider the position of geometry and measurement within the mathematics curriculum as a whole.
Within the Mathematics in the New Zealand Curriculum (MiNZC)(Ministry of Education, 1992) measurement and geometry are two of the five strands into which mathematics topics are divided, but this is not always the case internationally; The National Numeracy Strategy (DfEE, 1998) in the United Kingdom, which is also widely used internationally, and several other countries and regions including Hungary, Italy, Alberta (Canada), and British Columbia (Canada), group the two together in a strand called Space, Shape and Measures or similar.  While we are used to considering measurement as a category of its own, grouping it with geometry in this way does resolve several issues with regard to certain topics.  For example, when measuring area, clearly the geometric properties of shapes should be brought to bear.  Angle, similarly, does not fit fully within either measurement or geometry; when referring to angle as a property of a shape we place it within geometry, but when measuring with a protractor, clearly measurement is more appropriate.  Time, money and estimation are also topics that are often included within the scope of the measurement strand, but which could be seen as more logically positioned within the number strand (estimation is currently placed within number in the New Zealand curriculum) as their use is largely focussed around number rather than measurement. 
For the purposes of this review however, geometry and measurement will be treated separately, with the recommendation that consideration be given to ending their status as separate strands.

Geometry
The main emphasis of the theoretical writing on progressions in geometry tends to be on increasing sophistication of overall ‘understanding’ of geometry (how do students do geometry?), in contrast to the curriculum descriptions of geometry, which tend to be focused much more on the content of knowledge/ability (what do students do in geometry?). 

Theory
Piaget/Inhelder

Piaget and Inhelder’s (1956) theory describes the development of the ability to represent space.  “Representations of space are constructed through the progressive organization of the child’s motor and internalized actions, resulting in operational systems” (Clements and Battista, 1992, p. 422).  The order of development is seen to be: topological (connectedness, enclosure, and continuity); projective (rectiliniarity); and Euclidean (angularity, parallelism, and distance).  They describe a sequence of stages in the development of children’s ability to distinguish between shapes when drawing them. These are:
Stage 0: scribbles (less than 2)

Stage I: Topological - irregular closed curves to represent circles, squares, etc. (2-4 years)

Stage II: Projective - progressive differentiation of Euclidean shapes (4-7 years)

Stage III: Euclidean - ability to draw Euclidean shapes (7-8 years)






(Piaget and Inhelder, 1956, pp. 55-57).

This has not been widely accepted – even young children may be able to operate with some Euclidean concepts.  It seems more likely that topological, projective and Euclidean notions all develop over time and their usage becomes increasingly integrated.
The van Hiele levels

In the 1950s Pierre van Hiele and Dina van Hiele-Geldof developed a series of thought levels that they perceived as describing a progression of increasing sophistication of understanding of geometry.  Initially, five discrete hierarchical levels were described, numbered 0-4; variations on these levels continue to provide the basis for many models used to understand learning in geometry.  In recent years the original five levels have more commonly been renumbered as levels 1-5 (Swafford et al., 1997), and many researchers have described the existence of an earlier, pre-recognitive level (Clements and Battista, 1992, p. 429; Clements et al., 1999).  It is this more recent numbering that will be used in the following discussion.

Thought Levels

Level 0:  Pre-recognitive 
At the pre-recognitive level students cannot reliably distinguish between different classes of figures. For example, while they may be able to distinguish between squares and circles, they may not be able to distinguish between squares and triangles.
Level 1:  Visual 
At the visual level students recognise figures by their global appearance, rather than by identifying significant features, for example a rectangle would be recognized as a rectangle “because it looks like a door”.  Some researchers (Clements et al, 1999) believe that this level can be better described as syncretic, as students at this level often use a combination of verbal declarative and visual knowledge to differentiate between shapes.  That is, at Level 1 some children may apply a combination (synthesis) of overall visual matching with limited feature analysis to identify shapes. 
Level 2:  Descriptive/Analytic 
At the descriptive/analytic level students differentiate between shapes by their properties.  For example a student might think of a rectangle as a shape with four sides, and label all shapes with four sides as rectangles.  However they might refuse to accept a square as a rectangle “because it is a square”.
Level 3:  Abstract/Relational
At the abstract/relational level students relate figures and their properties.  They can provide definitions, and differentiate between necessary and sufficient conditions for a concept.  They can classify figures hierarchically, and produce some geometric arguments.
Level 4:  Formal deduction 
At the formal deduction level students develop sequences of statements that logically justify a conclusion; constructing simple, original proofs.  
Level 5:  Rigour 
At the final level, students rigorously apply rules to derive proofs within a mathematical system.
Phases of Learning 
As well as the levels of understanding the van Hieles also described 5 phases of learning through which students can be taken in advancing to the next level (Hoffer, 1983, p. 208).

Phase 1:  Inquiry 

In this phase the teacher engages the student in two-way conversation about the topic.  Vocabulary is established and the teacher sets the ground for further study.

Phase 2:  Directed orientation
Here the teacher directs the path of exploration in such a way as to ensure that the student becomes familiar with specific key ideas related to the topic.
Phase 3:  Expliciting 

Now the students work much more independently, refining their understanding and use of vocabulary.

Phase 4:  Free orientation 
In this phase the students encounter multi-step tasks with no one route to solution, and explore their own methods to obtain solutions.
Phase 5:  Integration 
Finally the students review their learning and produce an overview of their understanding.  The teacher aids them in summarising their key ideas.

Development of geometric proof skills
Clements and Battista (1992, p. 439) describe three levels of the development of proof skills:
· Level 1 (Up to age 7-8):  At this level there is no integration of ideas.

· Level 2 (7-8 through to 11-12):  At this level students begin to make predictions on the basis of results they have seen in previous experiments.  For example, they may, after experimenting with triangles, state that the angles add to make a straight line for each triangle.
· Level 3 (Ages 11-12 and beyond):  At this level students are able to apply deductive reasoning to any assumptions.
Spatial representation

Rosser et al. (1988) describe a sequence of mastery of conceptualization of geometry operations related to reproduction of a simple pattern.  The sequence is:
I. Reproducing a geometric pattern, constructed from blocks.

II. Reproducing a similar pattern, which was covered after an initial 6 second observation period.

IIIA.
Reproducing the result after rotation of a similar pattern, which was covered after an initial 6 second observation period, and then rotated.

IIIB.
Reproducing a perspective view of a similar pattern, with the original pattern remaining available.

The order of difficulty of the tasks was shown by experiment to be I<II<IIIA=IIIB, with the memory element of task IIIA not making it significantly more difficult than task IIIB.
The conclusion reached was that the operations associated with the lower level tasks are required for solving the higher level tasks, and that a fixed order of task mastery should be expected. 
Curriculum/Implementation
National Numeracy Strategy
The National Numeracy Strategy (DFEE, 1999) describes objectives for students from Reception to Year 6.  Within the measures, shape and space strand, the objectives related to shape and space can be broadly grouped into five categories:  describing and classifying shapes; making patterns, shapes and objects; symmetry and transformations; position and movement; and angles.  The objectives within each of these categories describe a clear progression of complexity from simplest to most complex.  For example, the progression of objectives related to direction and movement is:
Reception:  Use everyday words to describe position, direction and movement.
Year 1:  Use everyday language to describe position, direction and movement.
Year 2:  Use mathematical vocabulary to describe position, direction and movement.
Year 3:  Read and begin to write the vocabulary related to position, direction and movement.
Year 4:  Recognise positions and directions.  Use the eight compass directions.
Year 5:  Recognise positions and directions.  Read and plot coordinates in the first quadrant.
Year 6:  Read and plot coordinates in all four quadrants.
NCTM Standards
Principles and Standards for School Mathematics (NCTM, 2000) describes objectives for students from pre-kindergarten to grade 12.  Within the geometry strand, the objectives are grouped into three categories:  
Specify locations and describe spatial relationships using coordinate geometry and other representational systems; 
Apply transformations and use symmetry to analyze mathematical situations; and 
Use visualization, spatial reasoning, and geometric modeling to solve problems.
The objectives within each of these categories describe a clear progression of complexity from simplest to most complex.  
Exemplars

The New Zealand Curriculum Exemplars (Ministry of Education, 2003) describe a progression in development of spatial understanding related to tessellations.
Level 1:  Fit shapes together to form a tessellation.

Level 2:  Identify common shapes that tessellate.

Level 3:  Use right angles to explain the tessellation of objects.

Level 4:  Know that tessellating objects fit together round a point.
Level 5:  Use angles to show that shapes will or will not tessellate.

asTTle Curriculum Map

The development of the asTTle assessment tool included work carried out on the ‘mapping’ on Mathematics in the New Zealand Curriculum (Thomas et al., 2003).  The achievement objectives were grouped into categories and ordered by level, with several additional objectives added to fill perceived gaps in the curriculum.  An attempt was made to identify progressions through the levels of MiNZC.  The subcategories within geometry identified in the asTTle map were:
· Geometric Knowledge

· Angle

· Two dimensional and three dimensional shapes

· Geometric Operations

· Angle

· Symmetry and Transformations

· Construction and Drawing

Count Me Into Space
The Count Me Into Shape project (NSWDET, Undated) aims to support teachers by giving a framework for space related mathematics.  The framework consists of two key aspects: part-whole relationships, referring to how a shape can be part of a larger shape, and features of shapes; and orientation and motion, referring to perspective and manipulation of shapes.  Each of these aspects is seen to have the same sequence of development of types of strategies.
· Emerging strategies:  Students are beginning to attend to spatial experiences, exploring grouping like objects, and assigning words to groups of shapes and concepts related to position and movement.
· Perceptual strategies:  Students are attending to spatial features and beginning to make comparisons, relying particularly on observations and manipulations of physical materials.
· Pictorial imagery strategies:  Students are developing mental images associated with concepts and increasingly using standard language to describe their understanding.
· Pattern and dynamic imagery strategies:  Students are developing conceptual relationships and using pattern and movement in their mental imagery.

· Efficient strategies:  Students select from a range of spatial strategies for a given context.  They use imagery, classification, part-whole relationships and orientation.
TIMSS

The TIMSS (Trends in Mathematics and Science Study) 2003 framework is intended to describe “important content for students to have learned in mathematics and science” (Mullis et al., 2003, p. i).  Within the Geometry strand the objectives are grouped into five categories: 

· Lines and angles

· Two- and three-dimensional shapes

· Congruence and similarity

· Locations and spatial relationships

· Symmetry and transformations
There appears to be no attempt to discuss progressions here.
Measurement
Theory
Lehrer (2003) describes the conceptual development of measurement as “change in a network or web of ideas about measurement”.  He lists eight components that provide a basis for this network (p. 181):

1. Unit-attribute relations:  What units can/should be used?

2. Iteration:  Subdivision into congruent parts or repetition of a unit.

3. Tiling:  Gaps must not be left between the units.

4. Identical units:  If units are identical a count represents the measure. 

5. Standardisation:  Using a standard unit makes communication of measures easier (possible).

6. Proportionality:  Different units can be used to measure and can be compared.  

7. Additivity:  A line segment can be divided into several smaller line segments whose sum will equal the original length.

8. Origin:  When using a scale to measure it is important to identify the zero point, although this can be any point on the scale.

These eight components are seen as important in the development of understanding of all measurement attributes (length/area/volume/mass/angle/time).  The development of a conceptual grasp of measures of the different attributes is neither simultaneous nor sequential in a linear way, but understanding of the eight components can be extended from one attribute to another.  For example, a student who understands that when measuring a length using hand spans it is important not to leave gaps, is more likely to understand that measuring an area using tiles must also leave no gaps.

Lehrer et al. (2003) describe a similar set of ‘central concepts’, with two significant differences: the addition of the concept of precision – that all measurement is inherently approximate and the choice of units (based on the context) determines the level of precision; and the omission of standardization from the list.
Curriculum/Implementation
National Numeracy Strategy

The National Numeracy Strategy (DFEE, 1999) describes objectives for students from Reception to Year 6.  Within the measures, shape and space strand, the objectives related to measurement can be broadly grouped into four categories:  vocabulary and units; estimating and measuring; calculating perimeters and areas; and time.  The objectives within each of these categories describe a clear progression of complexity from simplest to most complex.  For example, the progression of objectives related to vocabulary and units is:

Reception:  Use language such as more or less, longer or shorter, heavier or lighter…

Year 1:  Understand and use the vocabulary related to length, mass and capacity.

Year 2:  Use and begin to read the vocabulary related to length, mass and capacity.

Year 3:  Read and begin to write the vocabulary related to length, mass and capacity. Begin to use decimal notation for metres and centimetres.

Year 4:  Use, read and write standard metric and imperial units. Know and use the relationships between familiar units of length, mass and capacity.  Begin to convert between smaller and larger units.

Year 5:  Use, read and write standard metric units.  Convert larger to smaller units.  Know imperial units.

Year 6:  Use, read and write standard metric units.  Convert larger to smaller units.  Know imperial units and their rough equivalents.
NCTM Principles and Standards

Principles and Standards for School Mathematics (NCTM, 2000) describes objectives for students from pre-kindergarten to grade 12.  Within the measurement strand, the objectives are grouped into two categories:  
Understand measurable attributes of objects and the units, systems, and processes of measurement; and 
Apply appropriate techniques, tools, and formulas to determine measurements.
The objectives within each of these categories describe a clear progression of complexity from simplest to most complex.  
Exemplars
The New Zealand Curriculum Exemplars (Ministry of Education, 2003) describe a progression in development of understanding of the concept of measurement as applied to length.
Level 1a:  Direct comparison.

Level 1b:  Indirect comparison.

Level 1c:  Non-standard units.

Level 2:  Standard units.

Level 3:  Use Reasoned measurement.

While this sequence of stages is considered to be the same for length, area, volume and mass, the levels (of the New Zealand curriculum) are given for length comparisons, as students are likely to develop this understanding before the more complex attributes of area, volume and mass. 

asTTle Curriculum Map

The development of the asTTle assessment tool included work carried out on the ‘mapping’ on Mathematics in the New Zealand Curriculum.  The achievement objectives were grouped into categories and ordered by level, with several additional objectives added to fill perceived gaps in the curriculum.  An attempt was made to identify progressions through the levels of MiNZC.  The subcategories within measurement identified in the asTTle map were:
· Time

· Position

· Metric Measurement

Count Me Into Measurement
The core of the Count Me Into Measurement program is the Learning Framework in Measurement, which aims to describe the stages students progress through in developing an understanding of measurement.  The Learning Framework describes three key stages:  
Identification of the attribute (direct comparison/partitioning/conservation); 
Informal measurement (counting units/relating number of units to quantity/comparison of measurements); and 
Unit structure (replicating a single unit/relating size of units to number required)
 (Outhred et al., 2003, p. 85).  
Students are perceived as passing through the same three stages in their understanding of each of length, area, volume/capacity and mass, though not at the same time, as increasing the number of dimensions measured leads to increasing complexity of concept.

TIMSS

The TIMSS (Trends in Mathematics and Science Study) 2003 framework is intended to describe “important content for students to have learned in mathematics and science” (Mullis et al., 2003, p. i).  Within the Measurement strand the objectives are grouped into two categories: 

· Attributes and units

· Tools, techniques, and formulas
Learning approaches

Importance of play
Play is seen to be important (Owens and Perry, Undated, p. 102; Holton et al., 2001) in the development of understanding of all areas of mathematics.  The importance of explorative investigations in an informal context is seen to have advantages in (i) the development of understanding of concepts; (ii) the seeing relations between concepts; (iii) remembering; and (iv) bringing enjoyment to the subject.
Use of technology in geometry 
Many researchers in the late 1980s (Olson et al, 1987; Noss, 1987) have written on the value of Logo in helping children to develop an understanding of many important principles of geometry and measurement.  Logo’s use has also often been linked to the van Hiele levels, due to the fact that procedures used in Logo can be seen to be developed in a similar way to the van Hiele levels.

There are also a number of pieces of sofware that are currently in use in classrooms, including Geometer’s Sketchpad, Excel, and Omnigraph (Perks et al, 2002), all of which have value if used to help develop ideas (through play and experimentation) rather than simply as a calculating tool.
Interactive whiteboards have also been demonstrated to be a valuable tool for teaching mathematics (Ball, 2003).  Because they can be used in conjunction with other computer programs they are particularly valuable when linked to programs such as Geometer’s Sketchpad.
Suggestions
In this section we make a number of suggestions that may appear to be outside the scope of our contract. These have nevertheless been made as they appear to us to be important aspects of the Geometry/Measurement diad.
Suggestion 1:  That the merger of the Measurement and Geometry strands be considered.  There is no consensus among international curricular as to whether these two areas of mathematics are best addressed individually or as one strand; The US  Principles and Standards (NCTM, 2000) and the TIMSS Assessment Framework (Mullis et al, 2003) list them separately, but the UK National Numeracy Strategy (DfEE, 1998) and others (Ruddock, 1998) combine them as Space, Shape and Measures.  Geometry and Measurement have a lot in common but there are also topics like Time that do not belong to Geometry but seem to be part of Measurement. It is also clear that they don’t fit together in the way that Number and Algebra do, where one area develops from the other. However, they are more closely knit than Statistics and Probability.  Given our situation, where we seem to be headed for the big strands of Number to Algebra and Data Handling (Statistics and Probability), it would appear to be more natural for Geometry and Measurement to go together into one strand in order to put this strand on a near equal footing in size with the others.
Suggestion 2:  In the light of Suggestion 1, it should be noted that there are some topics currently in Measurement that do not fit well into a Space, Shape and Measures strand. Money has already been discussed here and that is almost certain to be in the Number to Algebra strand in future. Time was mentioned above as also being problematic. At the school level, Time and Geometry are distinct. What’s more, classroom work on Time is essentially arithmetic. While the important Measurement skill of estimation does occur with Time, that skill is not unique to Measurement and can certainly be found in Number. We therefore suggest that Time be placed with Money in the new Number to Algebra strand.
Suggestion 3:  Progressions are clearly present in Geometry and Measurement both at the Strategy and Knowledge levels and we would suggest that the new strand should emphasise such progressions. New Zealand’s Numeracy Project and Curriculum Exemplars, as well as the Count Me Into Measurement and Count Me Into Space initiatives put a great deal of emphasis on the importance of progressions within mathematics and we believe this should be reflected in the structure of the curriculum.  However, in the literature, these progressions are somewhat broad in the case of the former level and implicit in curricula in the case of the latter level. Nowhere have we been able to find the kind of detail in Geometry and Measurement that has been established through the Numeracy Project. It seems clear that this kind of detail would be of significant value to the learning and teaching of Geometry and Measurement in this country (and throughout the world). It would therefore seem appropriate to suggest that a Geometry and Measurement Project might be established to work along the same lines as the Numeracy Project. This might build again on the ‘Count Me Into’ work. However, again as in the Numeracy Project, this work would require intensive classroom research and development.  The timescale of the Curriculum Review is such that if this work began soon, our knowledge would have advanced sufficiently far it to be of value at the time of implementation of the new curriculum.

Suggestion 4:  This literature review was not designed to look for gaps in our current curriculum.  Certainly some gaps have been found through the Exemplar Project (particularly around the topic of Angle), and there may well be other important gaps in the current Achievement Objectives.  It seems reasonable to suggest that, armed with at least the attached curriculum documents, possible omissions should be investigated.  Focussing on the idea of progressions within key topics (Suggestion 3) is also likely to reveal cases where there are gaps present in coverage of some progressions.
Suggestion 5:  Our work has brought to the fore the fact that computer technology is now able to be used in the learning of Geometry and Measurement.  A number of pieces of software are currently available that enable students to be able to experiment with geometric and measurement ideas and so enhance their learning.  If and when this technology is available to all classrooms, teachers will require pedagogical knowledge on how to use these new tools. We suggest that work be done in this area so that advantage can be taken of technological advances as soon as possible after the implementation of the new curriculum. 
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Appendices

Appendix A:  Objectives from National Numeracy Strategy

Geometry

	Reception
	Year 1
	Year 2
	Year 3
	Year 4
	Year 5
	Year 6

	Use language such as circle or bigger to describe the shape and size of solids and flat shapes. 

Begin to name solids.
	Use everyday language to describe features of familiar 3-D and 2-D shapes.
	Use the mathematical names for common 3-D and 2-D shapes. 

Sort shapes and describe some of their features.
	Classify and describe 3-D and 2-D shapes.
	Describe and visualise 3-D and 2-D shapes.

Classify polygons using criteria such as number of right angles, whether or not they are regular, symmetry properties.
	Recognise properties of rectangles.

Classify triangles.
	Describe and visualise properties of solid shapes.

Classify quadrilaterals.



	Talk about, recognise and recreate patterns.
	Make and describe models, patterns and pictures.

Begin to relate solid shapes to pictures of them.
	Make and describe shapes, pictures and patterns.

Relate solid shapes to pictures of them.
	Make and describe shapes and patterns.

Relate solid shapes to pictures of them.
	Make shapes.

Visualise 3-D shapes from 2-D drawings and identify simple nets of solid shapes.
	Make shapes with increasing accuracy.

Visualise 3-D shapes from 2-D drawings and identify different nets for an open cube.
	Make shapes with increasing accuracy.

Visualise 3-D shapes from 2-D drawings and identify different nets for a closed cube.

	
	
	Begin to recognise line symmetry.


	Identify and sketch lines of symmetry in simple shapes and recognise shapes with no lines of symmetry.
	Sketch the reflection of a simple shape in a mirror line (all sides parallel or perpendicular to mirror line).
	Recognise reflective symmetry in regular polygons.

Complete symmetrical patterns.

Recognise where a shape will be after reflection/translation.
	Recognise where a shape will be after one or two reflections/translations.

	Use everyday words to describe position, direction and movement.
	Use everyday language to describe position, direction and movement.
	Use mathematical vocabulary to describe position, direction and movement.
	Read and begin to write the vocabulary related to position, direction and movement.
	Recognise positions and directions. 

Use the eight compass directions
	Recognise positions and directions. 

Read and plot coordinates in the first quadrant.


	Read and plot coordinates in all four quadrants.

	
	Talk about things that turn.  Make whole and half turns.
	Recognise whole, half and quarter turns, to the left or right, clockwise or anticlockwise.

Give instructions for moving along a route.
	Make and describe right-angled turns.  Identify right angles.  Compare angles with a right angle.
	Recognise horizontal and vertical lines.

Make and measure clockwise and anticlockwise turns.

Begin to know that angles are measured in degrees.
	Recognise perpendicular and parallel lines.

Understand and use angle measure in degrees.

Identify, estimate, order and draw angles.

Calculate angles in a straight line.
	Recognise and estimate angles.  

Use a protractor to draw angles.

Check that the sum of the angles of a triangle is 1800.

Calculate angles in a triangle or round a point.


Measurement

	Reception
	Year 1
	Year 2
	Year 3
	Year 4
	Year 5
	Year 6

	Use language such as more or less, longer or shorter, heavier or lighter… 
	Understand and use the vocabulary related to length, mass and capacity.


	Use and begin to read the vocabulary related to length, mass and capacity.


	Read and begin to write the vocabulary related to length, mass and capacity.

Begin to use decimal notation for metres and centimetres.
	Use, read and write standard metric and imperial units.

Know and use the relationships between familiar units of length, mass and capacity.

Begin to convert between smaller and larger units.
	Use, read and write standard metric units.

Convert larger to smaller units.

Know imperial units.
	Use, read and write standard metric units.

Convert larger to smaller units.

Know imperial units and their rough equivalents.

	…to compare two quantities, then more than two by making direct comparisons. 

Put sets of objects in order of size.
	Compare two lengths, masses or capacities by direct comparison; extend to more than two.

Measure using uniform non-standard measures, or standard units.

Suggest suitable standard or uniform non-standard units and measuring equipment to estimate and then measure a length, mass, or capacity.
	Estimate, measure and compare lengths, masses and capacities, using standard units.

Suggest suitable units and equipment for measuring.

Read a simple scale to the nearest labelled division.
	Measure and compare using standard units.

Know the relationship between kilometres and metres etc.

Suggest suitable units and equipment to estimate or measure length, mass or capacity.

Read scales to the nearest division.  Record estimates or measures to the nearest half unit.
	Suggest suitable units and equipment to estimate or measure length, mass or capacity.

Record estimates and readings from scales to a suitable degree of accuracy.
	Suggest suitable units and equipment to estimate or measure length, mass or capacity.

Measure and draw lines to the nearest mm.

Record estimates and readings from scales to a suitable degree of accuracy.


	Suggest suitable units and equipment to estimate or measure length, mass or capacity.

Record estimates and readings from scales to a suitable degree of accuracy.

	
	
	
	
	Measure and calculate the perimeter and area of rectangles and other simple shapes.
	Understand area measured in square cm.

Understand and use the formula in words ‘length x breadth’ for the area of a rectangle.

Understand, measure and calculate perimeters of rectangles and regular polygons.
	Calculate the perimeter and area of simple compound shapes that can be split into rectangles.

	Begin to understand and use the vocabulary of time.

Sequence familiar events.

Begin to know the days of the week in order.

Begin to read o’clock time.
	Understand and use the vocabulary related to time.

Order familiar events in time.

Know the days of the week and the seasons of the year.

Read the time to the hour or half hour on analogue clocks.
	Use and begin to read the vocabulary related to time.

Use units of time and know the relationships between them.

Suggest suitable units to estimate or measure time.

Order the months of the year.

Relate time to the quarter hour on an analogue or 12-hour digital clock.
	Read and begin to write the vocabulary related to time.

Use units of time and know the relationships between them.  Suggest suitable units to estimate or measure time.
Use a calendar.  Read the time to five minutes.
	Use, read and write the vocabulary related to time.

Read analogue and 12-hour digital time to the nearest minute.  Use am and pm.

Read simple timetables and use this year’s calendar.
	Use units of time, read and use 24-hour time.  

Use timetables.
	Appreciate different times around the world.


Appendix B:  Curriculum standards from NCTM Principles and Standards

Geometry

	
	Pre-K–2 Expectations
	Grades 3–5 Expectations
	Grades 6–8 Expectations
	Grades 9–12 Expectations

	Specify locations and describe spatial relationships using coordinate geometry and other representational systems
	· describe, name, and interpret relative positions in space and apply ideas about relative position; 

· describe, name, and interpret direction and distance in navigating space and apply ideas about direction and distance; 

· find and name locations with simple relationships such as "near to" and in coordinate systems such as maps. 
	· describe location and movement using common language and geometric vocabulary; 

· make and use coordinate systems to specify locations and to describe paths; 

· find the distance between points along horizontal and vertical lines of a coordinate system. 


	· use coordinate geometry to represent and examine the properties of geometric shapes; 

· use coordinate geometry to examine special geometric shapes, such as regular polygons or those with pairs of parallel or perpendicular sides.
	· use Cartesian coordinates and other coordinate systems, such as navigational, polar, or spherical systems, to analyze geometric situations; 

· investigate conjectures and solve problems involving two- and three-dimensional objects represented with Cartesian coordinates.

	Apply transformations and use symmetry to analyze mathematical situations


	· recognize and apply slides, flips, and turns; 

· recognize and create shapes that have symmetry. 


	· predict and describe the results of sliding, flipping, and turning two-dimensional shapes; 

· describe a motion or a series of motions that will show that two shapes are congruent; 

· identify and describe line and rotational symmetry in two- and three-dimensional shapes and designs. 
	· describe sizes, positions, and orientations of shapes under informal transformations such as flips, turns, slides, and scaling; 

· examine the congruence, similarity, and line or rotational symmetry of objects using transformations. 


	· understand and represent translations, reflections, rotations, and dilations of objects in the plane by using sketches, coordinates, vectors, function notation, and matrices; 

· use various representations to help understand the effects of simple transformations and their compositions. 

	Use visualization, spatial reasoning, and geometric modeling to solve problems
	· create mental images of geometric shapes using spatial memory and spatial visualization; 

· recognize and represent shapes from different perspectives; 

· relate ideas in geometry to ideas in number and measurement; 

· recognize geometric shapes and structures in the environment and specify their location. 


	· build and draw geometric objects; 

· create and describe mental images of objects, patterns, and paths; 

· identify and build a three-dimensional object from two-dimensional representations of that object; 

· identify and draw a two-dimensional representation of a three-dimensional object; 

· use geometric models to solve problems in other areas of mathematics, such as number and measurement; 

· recognize geometric ideas and relationships and apply them to other disciplines and to problems that arise in the classroom or in everyday life. 
	· draw geometric objects with specified properties, such as side lengths or angle measures; 

· use two-dimensional representations of three-dimensional objects to visualize and solve problems such as those involving surface area and volume; 

· use visual tools such as networks to represent and solve problems; 

· use geometric models to represent and explain numerical and algebraic relationships; 

· recognize and apply geometric ideas and relationships in areas outside the mathematics classroom, such as art, science, and everyday life. 
	· draw and construct representations of two- and three-dimensional geometric objects using a variety of tools; 

· visualize three-dimensional objects and spaces from different perspectives and analyze their cross sections; 

· use vertex-edge graphs to model and solve problems; 

· use geometric models to gain insights into, and answer questions in, other areas of mathematics; 

· use geometric ideas to solve problems in, and gain insights into, other disciplines and other areas of interest such as art and architecture.


Measurement

	
	Pre-K–2 Expectations
	Grades 3–5 Expectations
	Grades 6–8 Expectations
	Grades 9–12 Expectations

	Understand measurable attributes of objects and the units, systems, and processes of measurement
	· recognize the attributes of length, volume, weight, area, and time; 

· compare and order objects according to these attributes; 

· understand how to measure using nonstandard and standard units; 

· select an appropriate unit and tool for the attribute being measured. 


	· understand such attributes as length, area, weight, volume, and size of angle and select the appropriate type of unit for measuring each attribute; 

· understand the need for measuring with standard units and become familiar with standard units in the customary and metric systems; 

· carry out simple unit conversions, such as from centimeters to meters, within a system of measurement; 

· understand that measurements are approximations and how differences in units affect precision; 

· explore what happens to measurements of a two-dimensional shape such as its perimeter and area when the shape is changed in some way. 
	· understand both metric and customary systems of measurement; 

· understand relationships among units and convert from one unit to another within the same system; 

· understand, select, and use units of appropriate size and type to measure angles, perimeter, area, surface area, and volume. 
	· make decisions about units and scales that are appropriate for problem situations involving measurement.

	Apply appropriate techniques, tools, and formulas to determine measurements.
	· measure with multiple copies of units of the same size, such as paper clips laid end to end; 

· use repetition of a single unit to measure something larger than the unit, for instance, measuring the length of a room with a single meterstick; 

· use tools to measure; 

· develop common referents for measures to make comparisons and estimates. 


	· develop strategies for estimating the perimeters, areas, and volumes of irregular shapes; 

· select and apply appropriate standard units and tools to measure length, area, volume, weight, time, temperature, and the size of angles; 

· select and use benchmarks to estimate measurements; 

· develop, understand, and use formulas to find the area of rectangles and related triangles and parallelograms; 

· develop strategies to determine the surface areas and volumes of rectangular solids. 


	· use common benchmarks to select appropriate methods for estimating measurements; 

· select and apply techniques and tools to accurately find length, area, volume, and angle measures to appropriate levels of precision; 

· develop strategies to determine the surface area and volume of selected prisms, pyramids, and cylinders; 

· solve problems involving scale factors, using ratio and proportion; 


	· analyze precision, accuracy, and approximate error in measurement situations; 

· understand and use formulas for the area, surface area, and volume of geometric figures, including cones, spheres, and cylinders; 

· apply informal concepts of successive approximation, upper and lower bounds, and limit in measurement situations; 

· use unit analysis to check measurement computations.


Appendix C:  Achievement objectives from asTTle project

Geometric Knowledge
	Angle (a)
	make clockwise and anticlockwise turns  (G2-4)
	know about simple angles including 90( (right-angle) and 180(; 30(, 45( and 60( (EP-2)
	be able to use a protractor to measure angles to the nearest gradation (EP-3)
	use the angle properties of parallel lines and explain the reasoning involved (G5-1)
	
	

	
	make quarter and half turns (EP-1)
	
	
	apply the symmetry and angle properties of polygons (G5-2
	
	

	
	
	
	
	use the angle between a tangent and radius property, and the angle-in-a-semicircle property (G5-3)
	identify and solve right-angled triangles within 3-dimensional objects and drawings (G6-3)
	

	
	
	
	
	find an unknown side in a right-angled triangle, using scale drawing, Pythagoras’ theorem, or an appropriate trigonometric ratio (G5-5)
	find unknown angles and lengths in practical problems which can be modelled by triangles, using scale drawing, angle properties of triangles, Pythagoras’ theorem, trigonometric ratios, the sine rule, or the cosine rule (G6-2)
	AS90152Mathematics 1.8

Solve right-angled triangle problems

	Two dimensional and three dimensional shapes  (s)
	make, name, and describe, using their own language and the language of geometry, everyday shapes and objects (G2-1)
	describe the features of 2-dimensional and 3-dimensional objects, using the language of geometry (G3-1)
	calculate perimeters of circles, rectangles, and triangles, areas of rectangles, and volumes of cuboids from measurements of length (M4-2)
	find perimeters, areas, and volumes of everyday objects (including irregular and composite shapes), and state the precision (limits) of the answer (M5-1)
	explore and describe a locus formed in a practical situation (G6-4)
	

	
	
	describe patterns in terms of reflection and rotational symmetry, and translations (G3-6)
	describe the reflection or rotational symmetry of a figure or object (G4-7)
	recognise when 2 shapes are similar, find the scale factor, and use this to find an unknown dimension (G5-9)
	
	

	
	make, name, and describe, using their own language and the language of geometry, everyday shapes and objects (G2-1)
	describe the features of 2-dimensional and 3-dimensional objects, using the language of geometry (G3-1)
	calculate perimeters of circles, rectangles, and triangles, areas of rectangles, and volumes of cuboids from measurements of length (M4-2)
	find perimeters, areas, and volumes of everyday objects (including irregular and composite shapes), and state the precision (limits) of the answer (M5-1)
	identify and solve right-angled triangles within 3-dimensional objects and drawings (G6-3)
	

	
	
	
	describe the reflection or rotational symmetry of a figure or object (G4-7)
	
	
	


 Geometric Operations
	Angle (a)
	make clockwise and anticlockwise turns  (G2-4)


	
	be able to use a protractor to measure angles to the nearest gradation (EP-3)
	use the symmetry and angle properties of polygons to solve practical problems (G5-10)
	
	

	
	make quarter and half turns (EP-1)
	
	
	
	
	

	Symmetry and Transformations (s)
	create and talk about geometric patterns which repeat (show translation), or which have rotational or reflection symmetry (G2-3)
	describe patterns in terms of reflection and rotational symmetry, and translations (G3-6)
	describe the reflection or rotational symmetry of a figure or object (G4-7)
	solve practical problems which can be modelled, using vectors (G5-8)
	apply the relationship between the scale factors for length, area, and volume (G6-5) 
	AS90153Mathematics 1.9

Use geometric reasoning to solve problems

	
	
	design and make a pattern which involves translation, reflection, or rotation (G3-7)
	
	recognise when 2 shapes are similar, find the scale factor, and use this to find an unknown dimension (G5-9)
	explain the effect of negative scale factors for enlargement (G6-6)
	

	
	
	
	apply the symmetries of regular polygons (G4-6)
	identify and use invariant properties under transformations (G5-12)
	describe the net effect of combining two or more transformations (reflections, rotations, or translations) (G6-7)
	

	
	
	enlarge, on grid paper, simple shapes to a specified scale  (G3-8)
	enlarge and reduce a 2-dimensional shape and identify the invariant properties  (G4-8)
	use and interpret vectors which describe translations (G5-11)
	
	

	Construction and drawing (c)
	make, name, and describe, using their own language and the language of geometry, everyday shapes and objects (G2-1)
	
	make a model of a solid object from diagrams which show views from the top, front, side, and back (G4-3)
	construct right angles, parallel and perpendicular lines, circles, simple polygons, medians, mediators, altitudes, and angle bisectors (G5-4)
	
	AS90150Mathematics 1.4

Use geometric techniques to produce a pattern or object

	
	
	model and describe 3-dimensional objects illustrated by diagrams or pictures (G3-3)
	construct triangles and circles, using appropriate drawing instruments (G4-1)
	
	
	

	
	
	draw pictures of simple 3-dimensional objects (G3-4)
	draw diagrams of solid objects made from cubes (G4-4)
	make isometric drawings of 3-dimensional objects built out of blocks (G5-6)
	draw and interpret 2-dimensional representations of 3-dimensional objects (G6-1)
	

	
	
	design and make containers to specified requirements (G3-2)
	design the net and make a simple polyhedron to specified dimensions (G4-2)
	
	
	


Measurement
	Time (t)
	read time and know the units of time & minute, hour, day, week, month, and year  (M2-4)
	read and interpret everyday statements involving time (M3-3)
	perform calculations with time, including 24-hour clock times  (M4-5)
	
	
	

	
	
	show analogue time as digital time, and vice versa  (M3-4)
	read and construct a variety of scales, timetables, and charts (M4-3)
	
	
	

	Position (p)
	describe and interpret position, using the language of direction and distance (G2-2)
	draw and interpret simple scale maps (G3-5)
	specify location, using bearings or grid references (G4-5)
	
	
	

	Metric measurement (m)
	carry out practical measuring tasks, using appropriate metric units for length, mass, and capacity (M2-1)
	demonstrate knowledge of the basic units of length, mass, area, volume (capacity), and temperature by making reasonable estimates (M3-1)
	carry out measuring tasks involving reading scales to the nearest gradation (M4-1)
	design and use models to solve measuring problems in practical contexts (M5-2)
	demonstrate the knowledge and skills necessary to plan, implement, and evaluate practical measuring tasks (M6-1)
	AS90149Mathematics 1.3

Solve problems involving measurement of everyday objects

	
	
	perform measuring tasks, using a range of units and scales (M3-2)
	
	
	
	


Appendix D:  Summary of ideas for consideration.

Geometry

	
	Early 
	Middle 
	High 

	Properties of shapes
	Identify shapes/features of shapes.
	Describe/classify classes of shapes.

Calculate perimeters of regular shapes.
	Calculate areas/volumes of shapes.

	Location and direction
	Describe location and direction using everyday language.
	Describe location and direction using geometric language.

Use grid references.
	Use coordinate geometry.

	Patterns, transformations and symmetry
	Recognise and create shapes that have symmetry.

Create repeating patterns.
	Describe transformations and draw the results of transformations.
	Use scale factors, vectors, etc.

Apply transformations in any context. 

	Angle
	Half and quarter, clockwise and anticlockwise turns
	Recognise common angles.

Measure angles with a protractor.
	Calculate angles.

Know and apply angle rules.

	Visualisation and spatial reasoning
	Visualise/draw/make simple models.

Recognise shapes in environment or from different perspectives.
	Build 3-d models from 2-d representations.

Make nets for simple 3-d shapes.

Apply geometric ideas to other contexts.
	Draw/make objects with specified dimensions.

Solve problems involving models and diagrams.


Measurement

	
	Early 
	Middle 
	High 

	Time
	Vocabulary of time.

Read analogue time to half and quarter hours.
	Use calendars/timetables.

Read analogue/digital time.
	24-hour time.

Calculations with time.

	Measurement Attributes
	Recognise attributes.

Compare and order objects.

Language of comparison.
	Know metric units for mass/length/area/volume.

Have a benchmark for a cm/m/kg/litre. 
	Convert between units.

Choose appropriate units.

	Measurement Application
	Direct comparison/indirect comparison/Repeated non-standard measurement.
	Measure using metric units/ appropriate tools.

Estimate by comparison to benchmarks.
	Make estimates.

Choose and apply appropriate tools/level of precision for practical measuring tasks.


Appendix E:  Annotated bibliography

This appendix contains brief notes on some of the articles used in this review of literature.  The notes are not intended to be a complete discussion of the articles.

Ball, B., (2003).  Teaching and learning mathematics with an interactive whiteboard. Micromath, Spring 2003, pp. 4-6.
Summary
This article discusses the use of the interactive whiteboard to teach mathematics.  It describes strengths including its dynamic nature, the ability to carry out whole class activities on one computer, and the fact that a range of activities can be quickly switched between without the requirement for large amounts of writing.

Bishop, A. J. (1983).  Space and Geometry.  In R. Lesh, and M. Landau (Eds.), Acquisition of mathematics concepts and processes (pp. 175-203).  London: Academic Press.
Summary

This article summarises previous research in the field of Space and Geometry, then discusses specific areas of the field with particular reference to a study carried out in Papua New Guinea.  The article is more concerned with how to define ability in geometry than with describing a progression.

Of particular interest are the two pairs of ‘ability types’ described and compared:

Michael and McGee (1979):

· Vz (Spatial visualization); “the ability to mentally manipulate, rotate, twist or invert a pictorially presented stimulus object” (p. 182); versus

· SR-O (Spatial orientation); the comprehension of arrangement of elements within a visual stimulus pattern and the ability to remain unconfused by different representations of a pattern (p.182).

Bishop (1980):

· IFI (ability to interpret figural information); understanding visual representations and spatial vocabulary, such as graphs, charts, diagrams, and text (context based) (p. 184) ; versus

· VP (visual processing ability); the translation of non visual information into visual form and manipulation of visual representations (process based) (p. 184).

Spatial ability

“As children develop they move from a position of total egocentrism in the perception of space, to a stage in which multiple viewpoints can be considered, to a position of being able to conceptualise and operate mentally on hypothetical space.” (p. 182)
Clements, D. (2003).  Teaching and Learning Geometry.  In J. Kilpatrick, W. G. Martin, & D. E. Schifter (Eds.), A research companion to principles and standards for school mathematics (pp. 151-177).  Reston, VA: National Council of Teachers of Mathematics.

Summary

This chapter discusses the teaching and learning of geometry with particular references to the US education system.  It has four main sections: theories of geometric thinking, learning, and teaching; instructional tools; selected geometry topics; and other issues in teaching and learning geometry.  The chapter describes the poor performance of US students in geometry compared to other countries and discusses reasons and possible solutions to this problem.  The van Hiele model of geometry concept development and computer based approaches to the teaching and learning of geometry receive particular emphasis.

Clements describes the van Hiele levels as “increasingly sophisticated levels of description, analysis, abstraction, and proof” (p.152), and lists four levels: visual, descriptive/analytic, abstract/relational, and proof.  He also mentions the possible existence of an earlier level, and discusses the proposed reconceptualisation of the visual level as syncretic, to better describe the way in which students at this level have been shown to perceive shapes. 

The van Hiele phases of learning are also described and discussed.

Clements, D., and Battista, M. (1992).  Geometry and spatial reasoning.  In D. A. Grouws (Ed.), Handbook of research on mathematics teaching and learning (pp. 420-464).  New York:  Macmillan.

Summary

This chapter provides a good summary of many aspects of the teaching and learning of geometry, particularly in reference to spatial reasoning.  Many of the key theorists including Piaget and Inhelder and the van Hieles are discussed.

Clements, D., Swaminathan, S., Hannibal, M., and Sarama, J. (1999).  Young childrens’ concepts of shape.  Journal for Research in Mathematics Education, 30, 192-212
Summary

Discusses the criteria pre-school children use to distinguish between shapes, in particular using the van Hiele levels. The article concludes, among other findings, that an extra level should be added before the recognition level and that the visual level should be reconceptualised as syncretic.

Department for Education and Employment (1998) The National Numeracy Strategy - framework for teaching. London: DfEE.

Summary
The National Numeracy Strategy was introduced in the UK in 1999 and provides a structure on which basis the daily teaching of mathematics can be built.  Teachers are expected to teach mathematics daily using a structure which allows a short time at the start of the lesson for oral work and mental calculations, a main lesson, and a short plenary to review learning.

It also provides objectives for each year level from reception to year 6 under 5 strands: Numbers and the number system; Calculations; Solving problems; Measures, shape and space; and Handling data.  The bulk of the objectives are under the Numbers and the number system and Calculations strands, reflecting the emphasis that is put on operating with numbers in the strategy.

Planning grids and supplements of examples are provided as an aid to teachers.
Department of Education and Training (Undated).  Count Me Into Measurement.  New South Wales Department of Education and Training.
Summary
The Count Me Into Measurement project (NSWDET, Undated) aims to support teachers by giving a framework for measurement related mathematics.  The framework consists of six generic levels which apply to measuring each of: length, area, volume/capacity, and mass.

1. Identification of the attribute

2. Informal measurement

3. Structure of repeated units

4. Measuring using conventional units

5. Relationship between formal measurement units

6. Knowing and representing large units.

Department of Education and Training (Undated).  Count Me Into Space.  New South Wales Department of Education and Training.
Summary
The Count Me Into Shape project (NSWDET, Undated) aims to support teachers by giving a framework for space related mathematics.  The framework consists of two key aspects: part-whole relationships, referring to how a shape can be part of a larger shape, and features of shapes; and orientation and motion, referring to perspective and manipulation of shapes.  Each of these aspects is seen to have the same sequence of development of types of strategies.

Emerging strategies

Students are beginning to attend to spatial experiences, exploring grouping like objects, and assigning words to groups of shapes and concepts related to position and movement.

Perceptual strategies

Students are attending to spatial features and beginning to make comparisons, relying particularly on observations and manipulations of physical materials.

Pictorial imagery strategies

Students are developing mental images associated with concepts and increasingly using standard language to describe their understanding.

Pattern and dynamic imagery strategies

Students are developing conceptual relationships and using pattern and movement in the mental imagery.

Efficient strategies

Students select from a range of spatial strategies for a given context.  They use imagery, classification, part-whole relationships and orientation.

Ell, F. (2001).  Mathematics in the New Zealand Curriculum – a concept map of the curriculum document.  Technical Report 11, Project asTTle, University of Auckland.

Thomas, G., Tagg, A., Holton, D., & Brown, G. T. L. (2002).  Numeracy Item Signature Study:  A Theoretically Derived Basis.  Technical Report 25, Project asTTle, University of Auckland.

Thomas, G., Holton, D., Tagg, A., & Brown, G. T. L. (2003, June). Mathematics curriculum framework and map: Levels 2—6. asTTle Technical Report, #36, University of Auckland/Ministry of Education.
Summary

The development of the asTTle assessment tool included work carried out on the ‘mapping’ on Mathematics in the New Zealand Curriculum.  The achievement objectives were grouped into categories and ordered by level, with several additional objectives added to fill perceived gaps in the curriculum. This work was carried out over the course of three years with initial work completed by Fiona Ell in 2001 and further development carried out by Thomas et al. in 2002 and 2003.

Hoffer, A. (1983).  Van Hiele-Based Research.  In R. Lesh, and M. Landau (Eds.), Acquisition of mathematics concepts and processes (pp.205-227).  London: Academic Press.
Summary

Description of van-Hiele based research.  Describes the thought levels, insight and phases of learning fundamental to this model of geometry learning. It also introduces several research projects related to the concepts, and discusses misconceptions and applications.

Thought Levels

Level 0:  Students recognize figures by their global appearance.

Level 1:  Students analyse properties of figures.

Level 2:  Students relate figures and their properties.

Level 3:  Students develop sequences of statements.

Level 4:  Students rigorously apply rules to derive proofs.

(p. 207)

Phases of Learning

Phase 1:  Inquiry (discussion based)

Phase 2:  Directed orientation (as in directed teaching; teacher-sequenced exploration)

Phase 3:  Expliciting (refining use of vocabulary and establishing inherent structures)

Phase 4:  Free orientation (multi step tasks with no one route to solution)

Phase 5:  Integration (overview/summary)

(p. 208)

Holton, D., Ahmed, A., Williams, H., and Hill, C., (2001).  On the importance of mathematical play.  International Journal of Mathematics Education in Science and Technology, 32, 3, pp. 401-415.
Summary

This article discusses the characteristics of play and its importance in the development of mathematical ideas for both young children and older learners.

Lehrer, R., Jaslow, L., and Curtis, C. (2003).  Developing an understanding of measurement in the elementary grades.  In D. H. Clements and G. Bright (Eds.), Learning and teaching measurement (pp. 100-121).  Reston, VA: National Council of Teachers of Mathematics.

Summary

Lehrer describes 7 ‘important ideas’ in measurement, divided into two categories; conceptions of unit and conceptions of scale.
Conceptions of unit

Iteration:  A unit is translated to obtain a measure.

Identical unit:  Subdivisions must be identical.

Tiling:  Units must fill the space.

Partition:  Units can be partitioned.

Additivity:  Measures are additive.

Conceptions of scale

Zero-point:  Any point can serve as the zero point on the scale.

Precision:  All measurement is approximate.  The choice of unit determines level of precision.

Lehrer, R. (2003).  Developing Understanding of Measurement.  In J. Kilpatrick, W. G. Martin, & D. E. Schifter (Eds.), A research companion to principles and standards for school mathematics (pp. 179-192).  Reston, VA: National Council of Teachers of Mathematics.

Summary

Lehrer describes the conceptual development of measurement as “change in a network or web of ideas about measurement”.  He lists eight components that provide a basis for this network:

Unit-attribute relations:  What units can/should be used?

Iteration:  Subdivision into congruent parts or repetition of a unit.

Tiling:  Gaps must not be left between the units.

Identical units:  If units are identical a count represents the measure. 

Standardisation:  Using a standard unit makes communication of measures easier (possible).

Proportionality:  Different units can be used to measure and can be compared.  

Additivity:  A line segment can be divided into several smaller line segments whose sum will equal the original length.

Origin:  When using a scale to measure it is important to identify the zero point.

These eight components are seen as important in the development of understanding of all measurement attributes (length/area/volume/mass/angle/time).  The development of a conceptual grasp of measures of the different attributes is neither simultaneous nor sequential in a linear way, but understanding of the eight components can be extended from one attribute to another.  For example, a student who understands that when measuring a length using hand spans it is important not to leave gaps, is more likely to understand that measuring an area using tiles must also leave no gaps.

The article discusses the development of the various attributes both theoretically and with reference to classroom studies.

Mullis, I., Martin, M., Smith, T., Garden, R., Gregory, K., Gonzalez, E., Chrostowski, S., and O’Connor, K., (2003).  TIMSS Trends in mathematics and science study: Assessment frameworks and specifications 2003.  Boston: International Study Center, Lynch School of Education, Boston College.
Summary

A document describing the process for creating the Science and Mathematics frameworks used for TIMSS 2003.  Sample activities are also included.

National Council of Teachers of Mathematics, (2000).  Principles and standards for school mathematics.  Reston, VA: Author.
Summary
Principles and Standards for School Mathematics describes itself as “a resource and guide for all who make decisions that affect the mathematics education of students in pre-kindergarten through grade 12.”  While the United States does not have a compulsory curriculum document, Principles and Standards provides national goals for the teaching of mathematics and guidelines for attaining them.
Olson, A., Kieren, T., and Ludwig, S., (1987).  Linking Logo, levels and language in mathematics.  Educational Studies in Mathematics, 18, pp. 359-370.
Summary

This article discusses the links that can be made between the use of Logo and Turtle Geometry, everyday language, and the van Hiele levels in geometry.

Outhred, L., Mitchelmore, M., McPhail, D., and Gould, P. (2003).  Count me into measurement: A program for the early elementary school.  In D. H. Clements and G. Bright (Eds.), Learning and teaching measurement (pp. 81-99).  Reston, VA: National Council of Teachers of Mathematics.

Summary

This article describes Count Me Into Measurement, a research based measurement program developed along much the same lines as the successful Count Me In Too numeracy program.  Count Me Into Measurement is implemented in classrooms of students in the first three years of schooling and aims to improve outcomes for students through the professional development of their teachers.

The core of the program is the Learning Framework in Measurement, which aims to describe the stages students progress through in their developing understanding of measurement.  The Learning Framework describes three key stages:  Identification of the attribute (direct comparison/partitioning/conservation); Informal measurement (counting units/relating number of units to quantity/comparison of measurements); and Unit structure (replicating a single unit/relating size of units to number required). (p. 85) Students are perceived as passing through the same three stages in their understanding of each of length, area, and volume, though not at the same time, as increasing the number dimensions measured leads to increasing complexity of concept.

The program also provides teaching activities to be taken with the aim of aiding students in progressing through the stages.

While the program is in its early years, responses from teachers have been overwhelmingly positive, describing as particular strengths of the program:  links between topics, clarification of measurement concepts, and explicit use of language (p. 91). 

Owens, K. (2003).  Count me into space: Implementation over two years with consultancy support.  Report for the New South Wales Department of Education and Training.  NSW DET Professional Support and Curriculum Directorate.
Summary

This article describes results from the second year of implementation of Count Me Into Space, a research based measurement program developed along much the same lines as the successful Count Me In Too numeracy program.  While little information is given on the actual structure of the program, the responses from teachers indicate that the material provided useful support in teaching geometry concepts. 

Owens, K. and Perry, B., (Undated).  Mathematics K–10 Literature Review.  University of Western Sydney.  Available online at http://www.boardofstudies.nsw.edu.au/manuals/pdf_doc/maths_k10_lit_review.doc 
Summary

This is a review of literature related to the teaching of mathematics in years K-12.  The sections on measurement and geometry provide a good summary of much of the material found elsewhere. An interesting point raised is the suggestion that use of informal (nonstandard) units in measurement may reduce it to little more than a counting activity.  It is suggested that this may not be an important step in developing an understanding of the need for standard units of measure.

Perks, P., Prestage, S., and Hewitt, D., (2002).  Does the software change the maths? Micromath, Spring 2003, pp. 4-6.
Summary

A brief discussion of how three programs (Omnigraph, Geometer’s Sketchpad, and Microsoft Excel) compare in terms of how they can be used to teach area and straight line graphs.  While each was seen as useful, the extensions possible varied with the choice of program.

Rosser, R., Lane, S., and Mazzeo, J., (1988).  Order of acquisition of related geometric competencies in young children.  Child Study Journal, 18, 75-90. 
Summary

Performance of 4, 6, and 8-year-olds on four related geometric tasks were compared in a rigorously designed series of experiments.  The four tasks were:

III. Reproducing a geometric pattern, constructed from blocks.

IV. Reproducing a similar pattern, which was covered after an initial 6 second observation period.

IIIA.
Reproducing the result after rotation of a similar pattern, which was covered after an initial 6 second observation period, and then rotated.

IIIB.
Reproducing a perspective view of a similar pattern, with the original pattern remaining available.

Success on the tasks was found to be related to age, and an order of difficulty was established for the 4 tasks.  While tasks I and II were equivalently difficult for 6 and 8-year-olds, task II was more difficult that task I for 4-year-olds.  Tasks IIIA and IIIB were equivalently difficult for all students, and more difficult than tasks I and II.

The conclusion reached was that the operations associated with the lower level tasks are required for solving the higher level tasks, and that a fixed order of task mastery and a hence an expected progression in the development of geometric ability should be expected. 

Ruddock, G. (1998). Mathematics in the School Curriculum: an International Perspective. (INCA Thematic study 3). London: Qualifications and Curriculum Authority.
Summary

This article outlines the structure, organization and implementation of the mathematics curriculum in 16 countries.

Swafford, J., Jones, G., and Thornton, C. (1997).  Increased knowledge in geometry and instructional practice.  Journal for Research in Mathematics Education, 28, 467-483.
Summary

A report of an intervention program, where teachers were given training in geometry content and in research on students’ geometric cognition.  The effect on their instructional practice was investigated in terms of van Hiele levels and geometry content knowledge.

Describes the van Hiele levels as Levels 1-5 rather than 0-4:

Level 1:  recognition.

Level 2:  analysis.

Level 3:  informal deduction.

Level 4:  formal deduction.

Level 5:  rigor.

Royal Society and Joint Mathematical Council (2001).  Teaching and Learning Geometry 11-19.  London: Royal Society.
Summary

A report produced by a working group on behalf of the Royal Society and the Joint Mathematical Council.  The report aimed to consider all aspects of teaching and learning of geometry in schools and colleges.  Several key principles of geometry education and a list of recommendations are included.
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